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OBJECTIVE OF THE LECTURE

To present GeoGebra as a tool that enables students to
investigate the mathematical background of various
real-world phenomena and to produce their geometrical and
mathematical models.

To show, through a couple of examples, that GeoGebra, thanks
to its unique combination of the tools Spreadsheet View,
Algebra View and Drawing Pad, represents a powerful tool
that enables us to simply and naturally perform numerical
iterative computation and to plot its results.
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PLANETARY MOTION

Numerical approximation of a motion of a planet around the
sun
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FALCON’S ATTACK

Approximation of the trajectory along which the Peregrine
Falcon approaches its prey from a great distance.
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GEOGEBRA FEATURES

What do the selected examples have in common?

I Dynamic connection of Views.

I Iterative computation via the Spreadsheet.
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DYNAMIC CONNECTION OF VIEWS

Algebra View - Spreadsheet View - Drawing Pad

Example: A projectile motion under gravity in a vacuum with
the angle of elevation α and the initial velocity v0.

v0 = 32 m · s−1, α = 49◦
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DYNAMIC CONNECTION OF VIEWS

Algebra View - Spreadsheet View - Drawing Pad

Example: A projectile motion under gravity in a vacuum with
the angle of elevation α and the initial velocity v0.

v0 = 30 m · s−1, α = 24◦
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ITERATIVE COMPUTATION VIA THE SPREADSHEET

Thanks to the relative addresses of the cells the Spreadsheet
enables us to perform iterative computation - the values
computed on one line of a table can be used as input values for
computation on the subsequent line.

Example: Nested triangles. Plot a sequence
of triangles so that the vertices of the
successive triangle are the midpoints of the
sides of its predecessor.

A B C D
1 (-4,-2) (5,-1) (2,6) Polygon[A1,B1,C1]
2 (A1+B1)/2 (B1+C1)/2 (C1+A1)/2 Polygon[A2,B2,C2]
3 (A2+B2)/2 (B2+C2)/2 (C2+A2)/2 Polygon[A3,B3,C3]
4 ... ... ... ...
5 ... ... ... ...
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ITERATIVE COMPUTATION VIA THE SPREADSHEET
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PLANETARY MOTION
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ASSIGNMENT

Feynman, R.P., Leighton, R.B., Sands, M. The Feynman Lectures
on Physics, Volume 1, chapter ”Newton’s Laws of Dynamics”,
page 9-6, first published in 1964

”... can we analyze the motion of a planet around the sun? Let
us see whether we can arrive at an approximation to an
ellipse for the orbit.”

Initial conditions:
I A planet starts at a given place X(0) with a given velocity
~v(0).

I Newton’s laws of motion and Newton’s law of gravitation
are valid.



INTRODUCTION GG features PLANETARY MOTION FALCON’S ATTACK TRAJECTORY Conclusion

FEYNMAN’S SOLUTION

Basic steps:

I Convenient choice of physical constants to simplify the

computation (to get κM = 1 in F = κ
Mm
r2 ).

I Application of Newton’s Second Law and the law of
gravitation (to compute the acceleration)

I Derivation of a relation between two successive positions
X(ti), X(ti+1) of a planet during its motion around the sun.

I Determination of the initial position X(0) = [x(0), y(0)] and
velocity ~v(0) = (vx(0), vy(0)) of the planet.

I Sequential computation of the consecutive positions of the
planet.
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SEQUENTIAL COMPUTATION OF THE CONSECUTIVE POSITIONS

ti+1 = ti + ∆t,

x(ti+1) = x(ti) + ∆tvx(ti),

y(ti+1) = y(ti) + ∆tvy(ti),

vx(ti+1) = vx(ti) + ∆tax(ti),

vy(ti+1) = vy(ti) + ∆tay(ti),

ax(ti) = −
x(ti)

r(ti)3
,

ay(ti) = −
y(ti)

r(ti)3
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SEQUENTIAL COMPUTATION OF THE CONSECUTIVE POSITIONS
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ITERATIVE COMPUTATION VIA THE SPREADSHEET

A B C D E F G H
1 t x y r ax ay vx vy

2 0 x0 y0 sqrt(B22 + C22) −B2/D23 −C2/D23 vx0 + d/2 E2 vy0 + d/2 F2

3 A2 + d B2 + d G2 C2 + d H2 sqrt(B32 + C32) −B3/D33 −C3/D33 G2 + d E3 H2 + d F3

4 A3 + d B3 + d G3 C3 + d H3 sqrt(B42 + C42) −B4/D43 −C4/D43 G3 + d E4 H3 + d F4
5 ... ... ... ... ... ... ... ...
6 ... ... ... ... ... ... ... ...
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SOLUTION IN GEOGEBRA
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SOLUTION IN GEOGEBRA - 1ST KEPLER’S LAW
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SOLUTION IN GEOGEBRA - 2ND KEPLER’S LAW
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EXPERIMENTATION WITH THE SOLUTION IN

GEOGEBRA
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FALCON’S ATTACK TRAJECTORY

Livio, M. The Golden Ratio: the story of phi, the world’s most
astonishing number. 1st ed., Broadway Books, USA, 2003, page
118.

Peregrine Falcon, one of the fastest birds, traces the
logarithmic spiral when it is approaching its prey which it
has sighted from a great distance.
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EYE’S ANATOMY VERSUS AERODYNAMICS

Tucker, V. A., Duke University, USA:

The spiral trajectory of the Falcon’s attack is the result of a
compromise between its desire for fast action and the reality
of its eyes’ anatomy.
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EYE’S ANATOMY VERSUS AERODYNAMICS

Tucker, V. A., Duke University, USA:

The spiral trajectory of the Falcon’s attack is the result of a
compromise between its desire for fast action and the reality
of its eyes’ anatomy.

Peregrine Falcon’s vision
The eyes’ anatomy enables the use of
the eye’s most acute vision only in a
specific line of sight which deviates
considerably (about 40 degrees) from
the frontal line.
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ASSIGNMENT

Let’s try to approximate the trajectory of the movement of the
Falcon during its attack.

Initial conditions:
I Line of sight deviated α degrees

to the left or right from the
frontal direction (i.e. direction of
the Falcon’s instantaneous
velocity ~v).

I Permanent visibility of the prey.
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SOLUTION

We will derive the relation between the polar coordinates of
two consecutive approximate positions of the Falcon.

(rn+1, ϕn+1) =

(
rn

sinα
sin (α+4ϕ)

, ϕn +4ϕ
)
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ITERATIVE COMPUTATION VIA THE SPREADSHEET

(rn+1, ϕn+1) =

(
rn

sinα
sin (α+4ϕ)

, ϕn +4ϕ
)

A B C D
1 "ϕ[i]" "r[i]" "x[i]" "y[i]"
2 ϕ1 r1 B2 · cos (A2) B2 · sin (A2)
3 A2 +4ϕ B2 · sin (α)/ sin (α+4ϕ) B3 · cos (A3) B3 · sin (A3)
4 A3 +4ϕ B3 · sin (α)/ sin (α+4ϕ) B4 · cos (A4) B4 · sin (A4)
5 A4 +4ϕ B4 · sin (α)/ sin (α+4ϕ) B5 · cos (A5) B5 · sin (A5)
6 ... ... ... ...
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SOLUTION IN GEOGEBRA
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EQUATION OF THE SPIRAL - THE USE OF SLIDER

How the approximated curve (indicated by points) satisfy the
equation of the logarithmic spiral r(ϕ) = aebϕ ?
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EQUATION OF THE SPIRAL - THE USE OF WXMAXIMA

(GEOGEBRA CAS)
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EQUATION OF THE SPIRAL - THE USE OF WXMAXIMA

(GEOGEBRA CAS)
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CONCLUSION

Introduction of mathematics as a living and useful science.

Students have a chance to experience the usefulness of the
mathematical knowledge they have learnt at school.
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